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Abstract

If prices of individual stocks are unbiased but noisy approximations to fundamental values, there
will be a gap in returns between the standard cap-weighted market portfolio and the one based on
fundamentals. The discrepancy occurs because, relative to fundamentals, cap-weights are too large
(small) for stocks with positive (negative) deviations from fundamental values. It follows that the
usual cap-weighted portfolio will underperform relative to the fundamental-based portfolio as long
as prices revert to fundamental values. This has led Arnott et al. to propose new market indices
based on a firm’s fundamental size as measured by its revenues, number of employees, and so on.
In this paper we follow the same principle but propose to estimate fundamental weights using a
smoothed average of standard cap-weights. Since the putative excess returns of a fundamentals-
weighted portfolio requires reversion to fundamental values, and because fundamental values are
likely to change slowly, we can estimate current fundamentals by smoothing the time series of a
stock’s noisy prices. The determination of fundamental size in terms of accounting data is thereby
replaced by a simple estimate based on price history. We derive expressions for expected returns
of the market capitalization-based and fundamentals-based portfolios under various assumptions
about (i) the random deviations from fundamental values and (ii) the change in fundamentals over
time. We present empirical comparisons between portfolios and find the returns of the fundamentals-
based portfolios exceed the standard indices by an amount comparable to the prior estimates that
used accounting data to determine size.
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1. Introduction

It has been long established that under the efficient market assumption and the frame-
work of the capital asset pricing model, the “market portfolio” is mean—variance optimal.
Based on the theory, portfolios with trillions of dollars in total value have been launched
to track capitalization-weighted market indexes. However, there has also been ample evi-
dence indicating that the market is not efficient. Such a violation of market efficiency
makes the cap-weighted portfolio no longer mean—variance optimal. Accordingly, since
the early 1980s enhanced index funds have been established to exploit this inefficiency.
Many of the funds utilize a quantitative strategy that “tilts” the portfolio composition
away from the commonly used capitalization-weighted market index to a slightly different
composition expected to produce higher return for similar levels of risk. Riepe and Werner
(1998) and diBartolomeo (2000) find evidence that enhanced index funds can in fact
improve mean-variance efficiency. Other studies and empirical evidence have also shown
that the capitalization-weighted market portfolio is inefficient so that a carefully structured
portfolio can increase mean returns for comparable risk.

In a recent paper, Arnott et al. (2005) (hereafter AHM) proposed an alternative to the
standard cap-weighted market index; see also Arnott et al. (2005) and Hsu and Campollo
(2005). The new index is based on a model in which a stock price is a noisy approximation
to its fundamental value. Under this model, a stock whose price is (randomly) above its
fundamentals will have a cap weight that is too large, and conversely for negative devia-
tions. The AHM index replaces the cap weight with an estimate of fundamental value
based on accounting measures of value. A variety of accounting-based measures are sug-
gested, including sales, earnings, cash flow and others. Most importantly, the AHM index
will outperform the standard index if temporary deviations revert to fundamentals. In fact,
AHM showed that their fundamental-based returns average 170 basis points over the
equivalent cap-weighted index for the 42 years of the study. This idea has attracted notice
in the practitioner community and has also led to related work by academicians. For
example, the basic idea of AHM has been expanded in a recent work by Arnott et al.
(2005), who demonstrate how noise alone can lead to portfolios with apparent Fama
French factors, that is, excess returns to small size and value.

The fundamental-based indexation proposed by AHM is based on the notion that each
stock has a fundamental value, which however differs by noise from its observed price.
While a vast literature exists on the topic of fundamental values, there is no universally
agreed framework in theory or practice, that defines the fundamental value. Indeed, it is
usually suggested that the market’s best measure of fundamentals is the current price. It
is on this basis that the cap-weighted index is mean—variance efficient. Apparent deviations
from fundamentals however are well known. The excess variability of prices relative to
fundamentals has been well documented, see Shiller (1981) for the original paper in a long
line of research. For evidence on price reversals, and over and under reaction of prices, see
Kim et al. (1991), Lo and MacKinlay (1988), De Bondt and Thaler (1985, 1987) and
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Chopra et al. (1992). In this context, it is reasonable to assume that while the expected
market price is the fundamental value, the actual price can differ from fundamentals
because of market noise. We therefore assume the observed price is the fundamental value
plus a zero-mean noise. The motivation for constructing the fundamental-value index,
then, is that the “market portfolio” would be mean—variance optimal if only it could be
based on an accurate measure of fundamental value.

The fundamental index proposed by AHM uses economic determinants to measure fun-
damentals. Because of the difficulty in finding a comprehensive measurement of funda-
mental value using economic determinants, they resort to simple accounting data as
proxies for the fundamental value.?

In this paper we show how to implement the idea of fundamental indexation without
directly measuring fundamental values. Our approach is motivated by the intuition behind
AHM, but our implementation does not require estimation of fundamentals using
accounting data. AHM show that excess returns of the fundamental index depends on
both an accurate estimate of fundamentals but also on the reversion of prices to funda-
mental values. If prices do revert and if fundamentals change slowly, then we can statis-
tically smooth past prices to estimate fundamentals and hence create a market index
that outperforms the standard cap-weighted version.

Specifically, our approach is to use statistical methods to infer fundamental values from
past prices. In the model the past price data is a (noisy) representation of fundamental eco-
nomic determinants that is more accurate than the current price. Assuming the underlying
fundamentals change slowly and the observed price is an unbiased but noisy signal for fun-
damentals, a moving average of past prices provides an estimate of fundamental price. A
statistical estimate based on past prices can therefore be used to represent the fundamental
value. Additionally our model-based approach identifies assumptions under which the
fundamental-based index outperforms a cap-weighted index. This analysis is presented
in the technical part of the paper.

Empirically we find our approach works about as well as the methods using accounting
data reported by AHM. However our approach is easier to implement and can be justified
analytically. The outperformance evidently occurs because deviations from fundamentals
are temporary and prices do revert to fundamentals.

The basic idea is illustrated with a simple example in the next section. This is elaborated
upon in Section 3 in the context of a more realistic model for prices as well as how fun-
damentals change over time. Section 4 describes portfolio construction and presents
empirical results that show our proposed weighting produces returns in excess of cap
weights comparable to those reported in AHM. Section 5 is a conclusion.

2. Two-stock, one-period illustration

Similar to Hsu (2004), we use a two stock, one-period model to illustrate the basic
approach. Suppose there are two stocks 4 and B with the same number of shares out-
standing. The outstanding shares do not change in the holding period. Suppose that prices
at time 1 and 2 are

3 For additional ways to measure the economic determinants of the fundamental value, see the price-earning
decomposition approach of Campbell and Shiller (1988) and Campbell and Vuolteenaho (2004).
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Po=F,+4, Py=Fy
PB,l:FB_Aa PB,ZZFBa

where F, and Fp are fundamental values of 4 and B respectively, and P,, and Pg, are
observed prices at time ¢. Prices differ by 4 from fundamentals at time 1. There is an even,
50-50 chance that a stock is over (under) valued, but we do not know which one. In this
simplified illustration, we assume that prices exactly revert to fundamentals at time 2. The
one-period return for the two stocks is therefore

4 4
T F+ A P E,— A

R,

The capitalization-based weights at time 1 are
cap FA + A cap FB — A
Wy = Wy =
F,+F; F,+ Fy
So the one-period return of the cap-weighted portfolio is
F,+4 -4 Fp—4 A

R — : :
F,+Fgy F,+A4 F,+Fp Fp— 4

=0.

Alternatively, consider the portfolio weighted by fundamentals at time 1. Assuming the
fundamental values are known, the fundamentals-based weights would be,*

fund __ F A fund __ F B
A FA + FB7 B FA + FBv
so the return will be

£ >0 (1)

Rfund —
Py1Pg

Hence, weights based on fundamentals earn greater returns than cap weights. The rea-
son is evident: capitalization puts too much weight on the stock with 4> 0 (a positive
deviation from fundamental value) and too little on the one with 4 <0 (a negative devi-
ation from fundamental value). The magnitude of excess returns depends on the extent
to which prices deviate from fundamentals, |4|.

This illustration highlights two key assumptions behind the excess returns. The first is
that fundamental values can be, at least roughly, estimated. The second is that prices
revert to fundamentals after one period. In more complicated models, as well as empiri-
cally, analogous conditions need to hold so that fundamental weights outperform cap
weights. Fundamental weighting will not be profitable if actual prices stray far from fun-
damentals for long periods. (Indeed, prices far from fundamentals for too long would
jeopardize “fundamentals’ as the underlying rationale for prices). In the more compli-
cated models in the next section prices do differ from fundamentals (analogous to the
A-factor), but are unbiased and do not drift far from fundamentals. In this case fundamen-
tal-based weights outperform cap-weights. In the historical data we also find overall supe-
rior performance of fundamental weighting though there are periods where fundamental

4 Clearly, if fundamental values really were exactly known, then returns would be maximized by investing all
resources in the under-valued stock, if the portfolio is long only.
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weights do under perform. These correspond to periods where (arguably) prices strayed
from fundamentals for significant periods(e.g. 1998 and 1999).

To exploit the excess returns of fundamental weighting we need estimates for the unob-
served fundamental values, F4 and Fz. AHM (2005) proposed estimates based on account-
ing and economic factors for each stock. We propose estimates based on past prices as
described in the next two sections.

3. Theoretical justifications

Let P;, denote the price of the ith stock at time 7. We assume that the market price is a
noisy signal of an underlying fundamental value F;,. Similar to Hsu (2004), we assume the
price of a stock can be decomposed into a part due to its fundamentals and a part due to
deviations from fundamentals;

P, =F;,(1+¢,), (2)

where F;, is the unobserved price based on fundamentals at time ¢, and ¢;, is a white noise
with mean zero and variance o2, capturing the over/under-valuation at time 7.

With the assumed noisy market price we first derive in Theorem 1 the expected return
for a cap-weighted relative to the fundamental-weighted portfolio. Similar to the above we
show that the expected return of the fundamental-based portfolio exceeds the cap-
weighted portfolio by an amount that depends on the variance of the noise, e. We then
consider estimates for fundamental weights based on a smoothed average of cap weights.
We show in Theorems 2 and 3 how returns of the fundamental-based portfolio depend on
the evolution of the F;, process and on the size of the estimation window used to estimate
fundamentals.

Let

Pi t+1 — Piz
Ri = - : 9
441 7[)[7[
be the return of ith stock in the holding period [z,7 + 1] based on observed price P;, and
W:l:;:p _ P[,tSi , Wf‘;nd _ F[,ZS[
T 2 PrSk ’ > i F Sk
be the portfolio weight of the ith stock in the corresponding cap-weighted and fundamen-

tal-weighted portfolio. Here S;is the number of outstanding shares of stock i. Then returns
of the cap-weighted portfolio and the fundamental-weight based portfolio are

cap cap fund __ fund
Rt+l = E Wi Ris1, Rt+l - E :Wi,z Riﬁt+1v
i i

respectively.
The relationship between the expected returns of the conventional cap-weighted port-
folio and fundamental-weighted portfolio is summarized in Theorem 1.

Theorem 1. If stock prices follow Eq. (2), then the relationship between the expected returns
of the cap- and fundamental-weighted portfolio is, to a second order approximation,’ given by

5 As indicated in the proof, we ignore terms with orders higher than a2.
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(1 +R;‘3><1 - wa};"dzﬂ, (3)

ERM) — E(RSN) = 0’E

t+1 t+1
i

where R,,, = F”}l “and R} = WIR]
Proof. See Appendix. [
Since " wid = 1 and ™ > 0, we have 3w’ < 1. And since R > —1, we have
{(1 +R§‘i’l‘)(1 - iwf};“dz)} > 0. Hence, the cap-weighted portfolio earns an expected
return that is ¢’E [(1 +RYY) (1 — Y wfund )} less than the fundamental-weighted portfo-

lio. We see that this return drag increases with the size of the price inefficiency (¢?) in
the equity market.

AHM (2005) propose estimates of fundamental weights based on accounting and eco-
nomic characteristics of firms. Instead, we estimate the fundamental weights by a simple
moving average of capitalization weights for the previous 7 periods

1 .
= Y Wit (4)
t=t—T+1
The return of the corresponding portfolio is denoted by R = 3= it i Ris1. Note that
in the special case where 7'=1, wj'" = w{7.

The next theorem demonstrates the relatlonship between the cap-weighted portfolio
and the one based on estimated fundamental weights.

Theorem 2. If prices follow Eq. (2) and the fundamental weights are estimated using (4), then
to a second order approximation, we have

un Ca un unz
E(RI) ~ E(E) = (1—)215[ L) — )]
N N

02) D E(R,\Bi(wy, T)) — a7 Y E(R],, Ba(w}i™, T))

i=1 i=1
+O-ZZE 1t+1 f,l;nd7T>)> (5)

where the difference between current fundamentals and smoothed fundamentals in the estima-
tion window is represented by,

Bl ( fund T E qund fund
t=1—T+1
1 ! 2 2
fund fund fund
B2( zr ’T) § Wiz _Wi,t )
T=t—T+1
1 t N N

fund _ fund fund? fund fund?
B (Wi,t 7T) - T E Wiz Wi — Wiy Wie -

=t—-T+1 k=1 k=1
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Proof. See Appendix. [

The theorem shows that the excess return on the portfolio with estimated fundamental
weights relative to the conventional cap-weighted portfolio depends on the window size T
and how fundamental values change over time. This theorem does not specify the under-
lying process of the fundamental value. In the following, we compare E (Rfi‘}d) and E(R ff{)
under three alternative specifications regarding the F;, process: (i) the fundamental price
remains constant over time; (ii) the fundamental price is a constant plus a noise; (iii)
the fundamental price is a random walk.

Theorem 3. Under the conditions of Theorem 2, the following three results hold:

(1) If the fundamental price is a constant, F; .= C,t=t— T+ 1,...,t,t + 1, then to a sec-
ond order approximation, we have

BRI — B(RE) = (1 _zwrumﬂ) .
ERMY) —E(RYY) = (1__> ( Zwﬁmdz> -

i=1

(i1) If the fundamental price is a constant plus noise, F; .= C(1 +;,), t=t—T+1,...,
t,t + 1, where ;. is a white noise with mean 0 and variance a§ and independent to

the pricing noise ¢;, in (2), then to a second order approximation, we have

E(RY) — E(R) = (1—ZW ) (8)

un Ca 1 ul c
E(Rfﬂd) - E(R[fi) = (1 - ?) (0'3 + Ug) (1 - Z Wuz> ) (9)
=1
where w;, E:C’S‘ is the weight based on the constant part in fundamental price.
k k
(iii) If the fundamental price is a random walk, F;, = F;,_ (1 + 6;,), where ¢;, is a white

noise with mean 0 and variance o3 and independent to the pricing noise &;, in (2), then
to a second order approximation, we have

B(RI) = E(R) = (1—Zw) 1o
E(R™) — E(R) = (1—) <IZW) (1)

i=1

where w; is the fundamental weight of stock i at the starting point.

Proof. See Appendix. [

Remark 1. In each case the fundamental-weighted portfolio earns an expected return
above that based on capitalization weights. The portfolio with estimated fundamental
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weights outperforms the expected return for the cap-weighted portfolio and earns an
expected return close to the one based on exact fundamental weights. The magnitude of
the excess return is determined by the variance ¢7, and the estimation window size 7.

Remark 2. If the fundamental price process is a constant plus noise (the second case), then
the observed price of a stock can be decomposed into,

Pi,r = Cl(l + 0_(5)(1 + O_E).

This means that when estimating fundamental weights with a moving average, we not only
reduce the variance of the “mis-pricing’ noise, but also the variance of the disturbance in
the fundamental process.

4. Market returns with estimated fundamental weights
4.1. Estimated fundamental weights

We consider a monthly “market” index consisting of the 1000 largest cap stocks
between January 1962 and December 2003. Data is obtained for each month from CRSP.
The roster of stocks and portfolio weights are generated from the data on the last trading
day of the prior month.

Let K;, = P;,S;, denote the capitalization of stock i at time ¢, where P;, is the price of
stock at time 7 and S;, is the outstanding shares of stock i. Let G, is the total capitalization
of the largest 1000 stocks at time z. Then for any stock (regardless of whether it is among
the largest 1000 stocks) in the CRSP data set at time ¢, we define w;, = K;,/G,, This rep-
resents the capitalization of stock i relative to the total capitalization of the top 1000 stocks
at time . When stock i is indeed among the largest 1000 stocks, then w;, is the conven-
tional capitalization weight. A portfolio of the largest 1000 stocks, with weight w; ,, deter-
mines the cap-weighted index (CWI).

To estimate the fundamental weights we use the median of the relative cap-weights
within a fixed window of the immediate past. The estimation window, Z, consists of the
previous 12 x n months. The estimated weight at time ¢ is then given by®

w;, = median{w;,, wi,_1,...,Wi,_z}.

We use the median instead of the mean for robustness purposes. The resulting portfolio
index is referred to as the smoothed cap-weighted index (SCWI). The portfolio is held
for 12 months, ¢+ 1 until £+ 12, and rebalanced every 12 months. In order to account
for possible January effects, we consider two alternative rebalancing cycles, one that starts
with January and the other with June.

New firms, or mergers and spin-offs of existing firms that result in new names, will not
have a full set of observations in the 12 X n months estimation window. In this case we use
the median of available observations. The associated weights are labeled, SW. We found
that alternate ways of handling new firms produced similar returns (results available on

¢ Note that w;, is defined for all stocks in CRSP not just those in the top 1000. The stocks in the SCWI are
determined by the 1000 largest cap stocks at time ¢z, even if some were not in the top 1000 inside the look-back
window.
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request). This is not surprising because the proportion of young firms in the top 1000 is
relatively small and cap-weighted returns are most strongly influenced by the largest firms
which tend to be long-lived.

When companies merge, acquire other firms (without changing names), or undergo
other significant corporate events, the historical weights will not be representative of cur-
rent size or value. To deal with such cases we consider a modified estimate for fundamen-
tals, denoted by SW2 with associated index returns denoted by SCWI2. The modified
scheme identifies firms whose capitalization changes more by than 20% in a month. Such

Table 1
Ten largest companies
Company name SW (%) SW2 (%) CW (%)
Top 10 SW stocks at the end of 2003
GENERAL ELECTRIC CO 3.09 3.25 2.42
MICROSOFT CORP 2.32 2.44 2.77
EXXON MOBIL CORP 2.16 2.27 2.35
WAL MART STORES INC 1.70 1.79 2.23
COCA COLA CO 1.63 1.71 1.09
INTEL CORP 1.60 1.68 1.03
MERCK & CO INC 1.49 1.57 1.27
INTERNATIONAL BUSINESS MACHS COR 1.35 1.42 1.31
AMERICAN TELEPHONE & TELEG CO 1.31 0.00 0.20
PHILIP MORRIS COS INC 1.30 1.37 0.84
SW2 (%) SW (%) CW (%)
Top 10 SW2 stocks at the end of 2003
GENERAL ELECTRIC CO 3.25 3.09 2.42
MICROSOFT CORP 2.44 2.32 2.77
EXXON MOBIL CORP 2.27 2.16 2.35
WAL MART STORES INC 1.79 1.70 2.23
COCA COLA CO 1.71 1.63 1.09
INTEL CORP 1.68 1.60 1.03
MERCK & CO INC 1.57 1.49 1.27
INTERNATIONAL BUSINESS MACHS COR 1.42 1.35 1.31
PHILIP MORRIS COS INC 1.37 1.30 0.84
PROCTER & GAMBLE CO 1.23 1.17 1.12
CW (%) SW (%) SW2 (%)
Top 10 CW stocks at the end of 2003
MICROSOFT CORP 2.77 2.32 2.44
GENERAL ELECTRIC CO 242 3.09 3.25
EXXON MOBIL CORP 2.35 2.16 2.27
WAL MART STORES INC 2.23 1.70 1.79
PFIZER CHAS & CO INC 1.88 1.13 1.19
COMMERCIAL CREDIT CO 1.78 0.71 0.74
JOHNSON & JOHNSON 1.60 1.16 1.22
AMERICAN INTERNATIONAL GROUP INC 1.51 1.01 1.06
INTERNATIONAL BUSINESS MACHS COR 1.31 1.35 1.42
MERCK & CO INC 1.27 1.49 1.57

SW and SW2 are the corresponding portfolio weights in SCWI and SCWI2; CW are the portfolio weights in
CWI.

In the top table stocks are sorted by largest SW. In the middle table stocks are sorted by largest SW2. In the
bottom table stocks are sorted by largest CW.
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a large change is taken to signal a merger, spin-off, or acquisition and in this case we treat
the firm as if it were new.

Weights are compared in Table 1. It shows the largest 10 stocks at the end of 2003
according to the alternative measures of size. The table shows that stocks and weights
in the top 10 can differ. As expected, SCWI tends to put greater weight on old economy
stocks like GE (3.09% versus 2.42% in CWI), while CWI favors new economy stocks like
Microsoft ( 2.77% versus 2.32% in SCWI).

The table also shows that corporate events matter. For example, AT&T is in the top 10
according to SW but (correctly) near the bottom of the 1000 largest current-cap firms. The
large weight occurs because the firm named “AT&T” in the estimation window is very dif-
ferent than the one existing at the end of 2003 (due to spin-offs from the parent AT&T
between 1993 and 2003). Without any indication in the database and without a change
in company name, it is difficult to detect such data anomalies. As a result the smoothed
weight without correction becomes a poor estimate of AT&T’s current fundamental value.
The refined weighting of SW2 that defaults to a new firm when there has been a large
change in current cap correctly filters AT&T out of the top 10 and gives it less weight
in the market index.

4.2. Portfolio performance

Table 2 shows the attributes of the SCWI and SCWI2 indices reconstituted on Dec 31
and Jun 30 and the benchmark CWTI for the 42 years from Jan 1, 1962 to Dec 31, 2003.

The table shows that: (1) the indexes rebalanced on January and June have similar per-
formance; (2) performance improves with longer estimation windows; (3) the SCWIs tend
to have significantly lower return volatility; (4) most importantly, SCWI and SCWI2 out-
perform the benchmark CWI by about 1.00% per annum.

Table 3 presents a year-by-year comparison. It shows periods when SCWI performed
better and worse than the usual cap weights. During the boom of the 1990s, for example,

Table 2
Return attributes of SCWI SCWI2 and CWI

December June

Mean (%) Std (%) Beta Mean (%) Std (%) Beta
CWI 10.84 15.33 10.92 15.42
SCWI 12m 10.81 15.51 1.0067 10.84 15.46 0.9999
SCWI 24m 10.81 1543 0.9979 11.10 15.38 0.9904
SCWI 60m 11.41 14.94 0.9616 11.57 14.96 0.9562
SCWI 120m 11.85 14.57 0.9317 11.91 14.62 0.9296
SCWI2 12m 10.82 15.50 1.0060 10.85 15.44 0.9990
SCWI2 24m 10.83 15.40 0.9962 11.12 15.36 0.9893
SCWI2 60m 11.42 14.90 0.9587 11.56 14.94 0.9548
SCWI2 120m 11.86 14.55 0.9302 11.92 14.61 0.9289

SCWI is the smoothed cap-weighted index, SCWI2 is merge and acquisition events treated smoothed cap-
weighted index and CWI is the current cap-weighted index as described in Section 4.1. December and June
correspond to alternative rebalancing dates. The 12m,...,120m correspond to alternative estimation windows.
Mean and standard deviation are annualized. The Beta comes from regressing SCWI, SCWI2 on CWI for each
month, 1962-2003.
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Table 3
Yearly returns of SCWI, SCWI2, CWI and S&P 500 index
Year SCWI SCWI2 CWI SPRTN
December/120m  June/120m December/120m June/120m December June
$1 growth 90.87 93.08 91.62 93.30 56.89 58.48 15.54
Average 11.85% 11.91% 11.86% 11.92% 10.84% 10.92% 7.70%
1962 —4.83% —4.44% —4.82% —4.43% —8.19% —7.96% —10.72%
1963 20.17% 20.50% 20.17% 20.5% 19.58% 19.79% 17.88%
1964 15.64% 15.56% 15.63% 15.55% 15.26% 15.09% 12.35%
1965 12.68% 12.56% 12.67% 12.56% 12.25% 12.83% 9.05%
1966 —-9.70% —-9.73% —-9.7% —-9.73% —8.46% —-9.23% —13.36%
1967 21.98% 21.93% 21.98% 21.93% 23.04% 23.85% 19.16%
1968 14.85% 14.77% 14.84% 14.77% 13.03% 12.89% 8.16%
1969 —10.58% —10.14% —10.58% —10.14% —10.39% —-9.08% —11.22%
1970 8.17% 8.86% 8.18% 8.87% 3.68% 3.84% 1.98%
1971 14.12% 13.91% 14.12% 13.91% 15.51% 15.17% 11.14%
1972 16.07% 15.64% 16.07% 15.64% 17.11% 16.05% 14.79%
1973 —16.51% —17.47% —16.51% —17.49% —18.41%  —20.07% —17.95%
1974 —26.78% —26.51% —26.8% —26.52% —27.87% —27.87% —32.19%
1975 37.68% 37.80% 37.67% 37.79% 32.22% 34.78% 29.15%
1976 25.32% 25.27% 25.37% 25.31% 24.61% 24.39% 18.51%
1977 —3.99% —=2.77% —-3.97% —2.73% —-3.21% —-3.87% —11.76%
1978 11.27% 11.39% 11.18% 11.29% 11.59% 11.56% 2.32%
1979 17.07% 17.27% 16.97% 17.2% 17.91% 19.34% 12.50%
1980 23.84% 23.98% 23.79% 23.92% 28.67% 29.75% 24.67%
1981 1.22% 1.16% 1.23% 1.17% —2.06% —-0.14%  —9.44%
1982 21.37% 22.06% 21.37% 22.16% 17.95% 18.92% 15.45%
1983 22.80% 22.04% 22.66% 22.03% 23.78% 20.14% 16.49%
1984 8.64% 9.18% 8.64% 9.04% 5.57% 5.65% 2.26%
1985 29.27% 28.35% 29.12% 28.17% 28.35% 27.73% 24.25%
1986 17.07% 16.60% 17.46% 17.01% 18.15% 16.53% 15.18%
1987 10.63% 10.39% 10.42% 10.26% 9.11% 8.44% 6.65%
1988 18.09% 18.10% 18.31% 18.36% 16.46% 17.14% 12.23%
1989 26.14% 25.92% 25.37% 25.57% 26.44% 26.46% 25.04%
1990 =3.77% —3.64% —3.64% —3.51% —2.98% —-3.21% —5.25%
1991 25.65% 26.27% 25.46% 26.13% 27.52% 29.79% 24.69%
1992 9.03% 9.49% 9.13% 9.61% 7.28% 8.82% 4.63%
1993 13.72% 14.00% 13.63% 13.86% 10.28% 9.89% 7.00%
1994 2.26% 2.37% 2.12% 2.3% 1.04% 1.13% —1.03%
1995 30.98% 30.86% 30.96% 30.84% 31.82% 31.22% 29.83%
1996 20.03% 19.95% 20.39% 20.19% 20.95% 21.35% 19.12%
1997 28.74% 28.77% 28.89% 28.35% 29.21% 28.99% 28.47%
1998 21.14% 21.19% 21.23% 21.26% 24.06% 25.06% 26.10%
1999 12.37% 13.34% 12.52% 13.58% 16.97% 19.73% 18.75%
2000 4.32% 3.19% 5.88% 4.61% —10.15%  —11.01% -9.32%
2001 —2.25% —1.68% —2.7% —2.73% —9.80% -9.72% —12.07%
2002 —-16.27% —16.34% —16.1% —15.77% —-20.21%  —23.82% —24.35%
2003 29.88% 30.29% 29.65% 29.76% 27.60% 28.31% 24.22%

SCWI is the smoothed capitalization-weighted index; SCWI2 is the events treated smoothed capitalization-
weighted index; and CWI is the current capitalization-weighted index as described in Section 4.1. SPRTN is
the return of the S&P 500 index; December and June are alternative rebalancing months. The look-back window
is 120 months; “$1 growth” is the value of $1 invested in 1962; “average” is the annualized mean monthly
return.
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Table 4
Bear and bull market return characteristics
Return (%) Volatility (%)
Bear
SCWI December/120m —17.10 18.07
June/120m —17.05 18.08
CWI December —22.25 19.89
June —22.40 20.13
SPRTN —24.02 18.68
Bull
SCWI December/120m 19.44 12.61
June/120m 19.50 12.69
CWI December 19.44 12.82
June 19.58 12.84
SPRTN 15.95 13.06

SCWI is the smoothed capitalization-weighted index and CWI is the current capitalization-weighted index as
described in Section 4.1. SPRTN is the return of S&P 500 index; December and June are alternative rebalancing
months; the look-back window is 120 months; return and volatility values are annualized. A bull market is
defined simplistically (and ex post) by a 20% rally from the previous low and a bear market by 20% decline from
the previous high.

SCWI lagged CWI. In 1997 CWI (rebalanced on December 31) had returns of 29.21%
while the return for the SCWI lagged at 28.74%. In contrast, in 2000, the CWI (based
on what turned out to be inflated weights of over-valued firms) lost more than 10%, while
the SCWI was up 3%.

Table 4 shows portfolio performances in bear and bull markets. A bull market is
defined by a 20% rally from the previous low and a bear market by 20% decline from
the previous high. The table shows that most of the improved performance of the SCWI
occurred in bear markets.

5. Summary

When prices vary randomly around fundamental values there will be a gap between cap-
weighted and fundamental-weighted indices. If, in addition, prices are eventually deter-
mined by fundamentals, then a portfolio based on good estimates of fundamental weights
will outperform a standard cap-weighted index. Under these assumptions we have
presented expressions for expected returns. Empirical results confirm that returns of the
estimated fundamentals-based portfolio using smoothed cap weights exceed standard indi-
ces by an amount comparable to prior estimates that used accounting data to determine
size.
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Appendix

The holding period return for a single stock is

R Py — Py P . Fi(1+€441)
it+1 — - -t = b
Pi,t Pi,t Fi,t(l + Ei,t)
which can be approximated using 2nd order Taylor expansion by
Fz t+1

2
Rivnr =~ (It €t — € + €6, — i) — 1.
it

Fig1—Fi,
% in the above expression, we have

Substituting the fundamental return R/, =
Riy1 = (R{,Jr] + 1)(1 + €1 — €+ 5,-_], - €zl,t€i,t+1) — 1.

By the definition of cap-weighting, the weight for stock 7 in a cap-weighted portfolio is

- PSi  Fiu(l4+e,)S FiSi(1+ €)
it kak,tSk Zkaqf(l + Ek,,)Sk F. S ZAF’f!Sksz :
(Zk bt k) Z Fr Sk
By definition of the fundamental weights wf“nd ZF ";S"S , we have
" k9k

Wgap — qund (1 + €i t)
it it 1 + Zk fundekt

which can be approximated by

cap _ _ fund tund fund tund
Wi =Wy 1 +¢€,— g Wiy €kt (E Wi € 1,) —e,,E Wy

k

Proof of Theorem 1. Recall that E(e;,)=0, V(e ,)—012,, and El(e; €) =0, t # s,

Elei€i) =0, i 75 j Using the notations given in Section 3, cap-weighted portfolio return

is RN =3 wiPRi;s1 and the fundamental-weighted portfolio return is R} =

iwi};“dR, ++1. The auxiliary portfolio based on fundamental weights and calculated with
fundamental prices is R} = wfu“de -

Then the expected return for fundamental-weighted portfolio is

E( funde t+1)

I
_MZ

E(R)

I
M=

E(wir (R + (1 + €001 — €+ €, = €uscivir) = 1)
1

E<Raux) + O'?E R?U)l( + 0_2 ZE fund

t+1 +

(Raux) +O_2E(Raux) —I—O'(.

t+1 t+1

Notice that we drop terms with orders greater than ¢°.
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On the other hand, the expected return for cap-weighted portfolio is

fi[i E<Z Wzt R, t+l>

N
fund fund fund fund
E E Wiy 1+ i — § :Wkr €ke + (E Wie € J) — Gy E Wit €kt lt+1

i=1 k

=

i=1 k

_ fund f tund fund tund
—E E R | 1+e:— E Wie €kt T (E Wi € ,t) _6”2 Wi ki

2
X (1 —¢,+ €, T €1 — €ir€irtl)

fund § fund E fund E fund
( +€tt W 6kr ( W ,t>_€zt W )

2
X(Ei,t — €, — €1+ Gi,tei,t+1)i|

E(R?JI:)I( + 0_2E (Rdu)l( Z fund” ) + 0_2 ZE tund2 )
Compare it with the formula of fundamental-weighted portfolio returns, we have

aux Lln2
<1+R;‘H><1—Zw2td>]. 0

i

ERY) — E(RSR) = olE

Proof of Theorem 2. We take the average of the past capitalization weights as the
estimated fundamental weights

l t
~ fund cap cap cap cap
E W += T E (Wi:r - Wt,t )

t=t—T+1 t=t—T+1

Then the expected return for the fundamental estimation-based portfolio becomes
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Plugging

cap __ _ fund fund fund fund
Wiz =W, 1+€zr § Wy, € T <§ Wi € ,‘r) — €ig § Wie €k |

k

cap _ _ fund fund fund fund
Wiy =W, I+e€,— E Wi, €ke+ <§ Wy, ) _GltE Wi €kt |

Risy1 = ((R{,m + 1D+ €1 —e,+ Gi, — € €ip1) — 1)

into the above equation, taking expectations and dropping terms with higher orders of o2,
we have

E(RM) = <f+“i)+a§(1——)ZE R )(wlind — yfind)

N t
" 1 uny uny
SEED 9L TR SRR R)

i=1 t=t—T+1
u 1 < > :
2 f fund fund
-0 E :E Ri i T (Wi " = wit™®)
i=1 t=t—T+1
N 1 t N 5 N )
2 § f § : fund fund fund fund-”
+ O, E Ri,H—l ? Wi,‘r Wk,‘r - W[,t Wit . O
i=1 t=t—T+1 k=1 k=1

Proof of Theorem 3. Based on Theorems 1 and 2, we only need to compute returns and
weights under different scenarios.

For the first scenario, fundamental price of each stock F;, is a constant over time.
Fundamental weight is also a constant, hence, the bias function of fundamental weights
B;(wiind T equals 0 for all i. Since the fundamental return in a holding period for a single
stock R, ++1 = 0, then the return on the auxiliary portfolio R} = 0. Plugging these results
into the formulas in Theorem 1 and we have Eqgs. (6) and (7).

In the second scenario, fundamental weights and fundamental holding period returns
are functions of the noise term J;,. We have

pfund _ FiS;  CSi(1+6;,)

o Zka Sk S CiSi(1+64,)
Let wy, Z Then the fundamental weight becomes
k

witnd = e (1+0,) [ 1 - Z Wi Ok + <Z w;,(sk‘,> \
k k

R’ :Fi«,t+1 _ NM
ii+1 Fi, C,-(l + 51.’[)

—1=(1+481)(1=6,+5;,)—1
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The auxiliary portfolio return has the form
R = DR,

N

2
= ZWi,(l + 0i4) (1 - sz.zék:f + (Z WZ;%) ) (1 + 0i1)(1 = 00 + 521) 1).
i=1 k k

Based on the above expressions, the expected B-functions in Theorem 2 become

t—1
2

1
E(Rf ? ()7

it+1

B( fund T

E(Rzr+lB2( ﬁmd T)) 2Wc ’ +W )0’%,

1 i c
E(RL By, 1)) o S (= 3wk, )l

t=t—T+1

Dropping the terms with degrees higher than ¢? and ¢3, we have Egs. (8) and (9).
In the third scenario, fundamental weights are

fund Fi.Si FipSi(1+6,)(14+06i,-1)--- (14 1)

HUN FRSk S FroSk(T+ 05 ) (14 0pm1) -+ (14 651)

Dropping the high order terms of 6, ,, we can approximate (1 + J;)(1 + 6;,1) --- (1 + 6;1)
by 1 +>'_,6;.. Hence the fundamental weights is approximated by

fund FioSi(14+ >0 ,6i0)
. S F oSk (14320 0k0)

t t t 2
. (1 iy a) =Y e S (z .S 5)
=1 k =1 k =1

The fundamental return is:

R, = F];t;l -1= Fii’t(lli;t&iﬂl) —1 =041
Then,

(R]11) =0,

E(R],.\B/(w}™,T)) =0,

E(R[,.\Bx(w}i™, T)) =0,

E(Rl t+lB3( fund T)) =0.

Substituting the fundamental weights and fundamental single stock return into equations
in Theorems | and 2, we have Egs. (10) and (11). O
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